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In composites laminates, interlaminar stresses arise due to the
discontinuity of elastic properties near free-edges, external plies
drop, internal plies drop, skin stiffener interaction, solid-sandwich
transition, corners (see Fig. 1). Indeed, at such locations, the stress
state is three-dimensional, and it can be singular according to elas-
ticity theory. This stress ﬁeld usually cannot be evaluated by the
classical laminate theory (Dong et al., 1962). These singular stres-
ses are usually called ‘‘overstresses” in the literature.
The linear elastic fracture mechanics (LEFM) in heterogeneous
material allows for the deﬁnition of the mechanical ﬁelds in the
vicinity of the crack-tip in a linear elastic homogeneous material.
According to the LEFM, near the defect tip, stresses can be de-
scribed by rij  Kra (r is the distance from the crack-tip to a mate-
rial point), where a is called the exponent of singularity, and K is
the stress intensity factor. The exponent of singularity depends
only on the mechanical properties of neighboring material and
the geometry near the crack-tip, although the stress intensity fac-
tor depends on the geometry of the structure and the load applied.
In this paper, a semi-analytical method is explained to evaluate
the exponent of singularity at the junction of an anisotropic multi-
material in a three-dimensional context where the crack-tip can be
curved.ll rights reserved.
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lle.fr (D. Suzanne).Previously, many researchers have investigated the problem of
overstress using a variety of methods. The ﬁrst attempt to solve the
free-edge problems in elasticity with a numerical method was
made by Pipes and Pagano (1970). The method consisted of solving
an elliptical partial differential equation by the ﬁnite difference
technique. Furthermore, other numerical methods have emerged,
such as the ﬁnite element method, to determine the overstresses
and, in particular, the singularity exponent (Isakson and Levy,
1971; Rybicki, 1971; Pageau and Biggers, 1995 and others). How-
ever, these methods require a ﬁne mesh near the free-edge, which
generates a high numerical cost. In order to avoid this problem,
many authors have proposed semi-analytical methods to deter-
mine the singularity exponent. In the case of dissimilar bi-isotropic
materials, Dempsey and Sinclair (1979), Bogy (1971), Hein and
Erdogan (1971) and others have proposed to solve the problem
using analytical methods. In addition, the case of a multi-isotropic
material has been studied by Theocaris (1974), Pageau et al.
(1994), Inoue and Koguchi (1996) and others. The problem of stress
singularities between plies of dissimilar anisotropic materials re-
mains difﬁcult to solve. Indeed, the difﬁculties associated with
the current problem involve not only the singular stress ﬁeld
inherent to the junctions of multi-materials but also the signiﬁcant
coupling between in-plane deformation in each material and out-
plane deformation generating the simultaneous existence of mode
I, II and III fracture. The majority of works reported in the literature
deal with various aspects of this problem (Ting and Chou, 1981;
Wang and Choi, 1983; Delale and Erdogan, 1979; Sih et al., 1965;
Sung and Liou, 1996 and others). Using a hybrid method between
the ﬁnite element method and boundary element method, called
Fig. 1. Conﬁgurations subject to eventual singular stresses.
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(2006), Lindemann and Becker (2000) can solve purely 3D prob-
lems. In the present paper, a rigorous theoretical development is
presented to evaluate the mechanical ﬁelds at an interface crack
between dissimilar anisotropic materials. The method, originally
developed in Schils et al. (1993), Crépin (2001), Crépin et al.
(2001, 2002) and summarized later by Magnier (2008, 2009), is
based on the asymptotic analysis of a tubular neighborhood of
the crack front, inspired by Lekhnitskii’s stress potentials and
anisotropic elasticity theory Lekhnitskii (1963). The fundamental
equations of the model are presented in Section 2. In Section 3, a
tridimensional problem is proposed to illustrate the method that
uses a rivet included in a bi-layer. Different shapes of rivet heads
(ﬂat, universal or countersunk) were examined, illustrating the
efﬁciency of the method.Fig. 2. Structural (0, i, j, k) and local (0, e1, e2, e3) referentials for a cracked structure.2. The overstresses near a singular line
2.1. Basic formulation
Linear elastic fracture mechanics (LEFM) allow for the deﬁnition
of the mechanical ﬁelds in the vicinity of the crack-tip in a linear
elastic homogeneous material. According to LEFM, near the defect
tip, stresses become singular and can be described by a stress ﬁeld
rij  ra (r is the distance from the crack-tip to a material point). In
the case of a homogeneous material, the exponent of singularity a
is equal to 12. However, this exponent is not necessarily the case in
heterogeneous materials such as composites. The purpose of this
section is to deﬁne a model to determine the overstresses and, par-
ticularly, the exponent of singularity in a linear elastic anisotropic
multi-material. A good description of stress ﬁeld and, in particular,
the right value of the a exponent are required to evaluate the crack
initiation and propagation risks reliably. The idea is to deﬁne the
overstresses as the solution of the Hellinger–Reissner problem:
Find ðu; e;rÞ such that :
8bu 2 V : hr; @M bui ¼ fL; bug
8br 2 R : hbr; ei ¼ hbr; S  ri;
(
ð1Þ
where V is the space of the virtual kinematic displacement ﬁelds,
and R is the space of the virtual statical stress ﬁelds.
hA,Bi represents the product RX AijBjidX, while fL; bug can be
decomposed into the work of body forces
R
X FibuidX and the work
of surface forces
R
@X Tibuid@X. The symbol @M is the tridimensional
gradient. S is the compliance tensor, and X is the domain of the
structure. In what follows, the notations a, a, a and a represent,
respectively, a scalar, a vector, a second-order tensor and a four-or-
der tensor. Let us deﬁne Cf as the curve describing the crack front
or more generally the line of singularity in the structure referential
(0, i, j, k). The line of singularity is taken at the junction between
different materials. This curve is assumed to be smooth enoughin the space (i.e., sharp points are excluded), and it is described
by a function u:
u : n3  R# OP ¼ uðn3Þ 2 Cf  R3
with n3 the curvilinear abscissa of Cf :
ð2Þ
Let (P, e1, e2, e3) be the Frenet referential for Cf, and mf a tubular
neighborhood of the crack front Cf, called the ‘‘beam” in the follow-
ing (see Fig. 2). The position vector of anyM 2 mf can be decomposed
in this referential:
OM ¼ OP þ PM ¼ uðn3Þ þmðn1; n2; n3Þ
with mðn1; n2; n3Þ ¼ n1e1ðn3Þ þ n2e2ðn3Þ:
ð3Þ
Let us introduce the operator G ¼ I3  e3  e>3 and its supplementary
one e3  e>3 . The exponent > denotes the transposition operator, and
I3 is the identity tensor of R3. Thus, to all ﬁelds of vectors t and
symmetric endomorphisms W, this decomposition is applied:
8t 2 R3 : t ¼ tt þ t3e3
8W 2LðR3;R3Þ : W ¼ WT þ 2Symðe3:W>S Þ þWne3  e>3
ð4Þ
with
WT ¼ G W:G; WS ¼ G W  e3; Wn ¼ e>3 W  e3
tt ¼ G  t; t3 ¼ e>3  t
L is the space of symmetric second order tensors

In the following equations, we will use the contracted notations of
composite theory for which the components Wt of WT have the in-
dex t 2 {1, 2, 6}, the componentsWs ofWS have the index s 2 {4,5},
and n = 3. For the case of vectors, t takes its values in {1,2}. Applying
decompositions (3) and (4), problem (1) is summarized as:
Find ðu; e;rÞ such that :
8bu 2 V : rN  ð1þ kmkjÞ1k@n3uk1e>3  @n3 bu
þfrS; @>mcu3 þ G  @n3 buð1þ kmkjÞ1k@n3uk1g
þhrT ; @mcut i ¼ fL; bug
8br 2 R : crN  ð1þ kmkjÞ1k@n3uk1e>3  @n3u
þfcrS ; @>mu3 þ G  @n3uð1þ kmkjÞ1k@n3uk1g
þhcrT ; @muti ¼ hbr; S  ri
8>>>>>><>>>>>>:

where
@m is the surfacic gradient in the plane ðP; e1; e2Þ
@n3 is the simplified form of
@
@n3
j ¼ jðh; n3Þ is the curvature of Cf at P point
h ¼ Arctan m>e2m> :e1
 

ð5Þ
To extract overstresses, the problem is rewritten (5) when
kmk = km(n1, n2, n3)k tends to zero.
2.2. Local equations
With an appropriate choice of bu in (5) and using the divergence
theorem, the following equations are obtained:
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divm½ð1þ kmkjÞrS þ @@s ðrS þ rNe3Þ:e3 ¼ ð1þ kmkjÞF3
(
where
divm is the surfacic divergence in the plane ðP; e1; e2Þ
ds ¼ k@n3ukdn3
F are the body forces;

ð6Þ
It is not easy to calculate (r, u) when directly kmk goes to zero. The
reason is thatm does not appear explicitly in (5), and it is difﬁcult to
see how we could make a transition to the limit. Examination of (5)
suggests the use of the classical matched asymptotic expansion pro-
cedure. More precisely, a new beam mff is deﬁned by the homothety
of mf with ratio f:
8M ¼ ðm; n3Þ#Mf ¼ Cf M ¼ ðfm; n3Þ
where Cf ¼ e3  e>3 þ fðe1  e>1 þ e2  e>2 Þ:
ð7Þ
This homothety implies a change in gradient and divergence, ap-
plied to any tensor ﬁeld, to gradient and divergence denoted * such
as:
@
@Mf
¼ @
@M
 C1f
divMf ðÞ ¼ Tr
@
@Mf
 
:
ð8Þ
Thus, to any function f, the function ff(M) = f(Cf M) is associated.
Therefore, stress is written as r(Cf M) = rf(fm, n3). Next, let us
consider the asymptotic solution when f´ 0, which is symbolically
written r0(0, n3). Because j is ﬁnite, when f´ 0 the equations (6)
become:
divmr0T ¼  lim
f!0
fF tðfm; n3Þ;
divmr0S ¼  lim
f!0
fF3ðfm; n3Þ:
8><>: ð9Þ
In what follows, the body forces F are neglected with respect to the
singularity problem; thus, limf!0fFðfm; n3Þ is equal to 0. The solu-
tion is analogous to that of Lekhnitskii’s anisotropic beam problem,
which suggests that we should follow the approach proposed by
this author. In order to satisfy internal equilibrium equations (9)
with zero right hand members, we consider stress ﬁelds generated
by the Airy potential /(fm, n3) and Prandtl potential w(fm, n3):
r ¼
@2/
ð@n2Þ2 
@2/
@n1@n2
@w
@n2
 @2/
@n1@n2
@2/
ð@n1Þ2 
@w
@n1
@w
@n2
 @w
@n1
rn
0BBB@
1CCCA: ð10Þ
Next, rn can be eliminated due to Hooke’s law, written with con-
tracted notation:
et ¼ Stt0rt0 þ Sts0rs0 þ Stnrn;
es ¼ Sst0rt0 þ Sss0rs0 þ Ssnrn;
en ¼ Snt0rt0 þ Sns0rs0 þ Snnrn;
8><>: ð11Þ
with t,t
0 2 {1,2,6} and s,s0 2 {4,5}.
Following Lekhnitskii, rn is rewritten with the third equation in
(11).
rn ¼ en  ðSnt
0rt0 þ Sns0rs0 Þ
Snn
: ð12Þ
Eliminating rn gives for the other equations in (11):
et ¼ fStt0rt0 þ fSts0rs0 þ StnSnn en
es ¼ fSst0rt0 þ fSss0rs0 þ SsnSnn en
8<: ð13Þ
with
fStt0 ¼ Stt0  StnSnt0Snn ; fSst0 ¼ Sst0  SsnSnt0SnnfSts0 ¼ Sts0  StnSns0Snn ; fSss0 ¼ Sss0  SsnSns0Snn :
The existence of a vector u 2 V such that e = Sym(@Mu) is ensured,
provided that the Saint–Venant compatibility equations are
satisﬁed:
rotðrot>eÞ ¼ 0 ð14Þ
or:
eij;km þ ekm;ij  eim;kj  ejk;im ¼ 0 i; j; k;m ¼ 1;2;3: ð15Þ
Among the 81 equations, only 6 are independent. These 6 equations
can be obtained by assuming, for example, k =m:
2Symð@Mdiv>MeÞ  4Me @M@>MTrðeÞ ¼ 0
where 4Mis the tridimensional Laplacian:
ð16Þ
With the rescaling of the gradient and divergence previously
deﬁned in (8), Eq. (16) can be reduced to the dominant order:
2Sym½@mdiv>mðe0 GÞ:G Trð@m@me0 G:GÞ@m@>m½Trðe0Þ:G G¼ 0
with e0 ¼ lim
f!0
eðfm;n3Þ:
ð17Þ
Pointing out the following properties:
Trðe3:e0>S þ e0S :e>3 Þ ¼ 0;
Trð@me0Ne3  e>3 Þ ¼ 0;
Trð@m@me0Ne3e>3 Þ ¼ 0
ð18Þ
the compatibility is ﬁnally reduced to the decoupled system:
2Sym½@mðdiv>me0TÞDme0T  @m½@mðTre0TÞ ¼ 0
@>mðdivme0S ÞDme0S ¼ 0
@mð@>me0nÞ ¼ 0
8><>:

where4m is the surfacic Laplacian in the plane ðP;e1;e2Þ:
ð19Þ
The last equation of (19) is satisﬁed provided that:
e0n ¼ m>  Aðf; n3Þ þ Bðf; n3Þ; ð20Þ
where A(f,n3) and B(f,n3) are respectively, vector and scalar arbi-
trary functions. Because the solution (20) is afﬁne in the (e1, e2)-
plane, it can be neglected with respect to singular solutions. Hence,
A(f,n3) and B(f,n3) will be considered null in the following.
Now, let us interest in the ﬁrst and second lines of (19), with the
strains rewritten with the reduced Hooke’s law (13):
D4 D3
D3 D2
 	
/ðfm;n3Þ
wðfm;n3Þ
( )
¼ 0 ð21Þ
with
D4 ¼ fS11@42þ fS22@412fS26@31@122fS16@32@11þð2fS12 þ fS66Þ@21@22
D3 ¼fS24@31þ fS15@32þðfS46 þ fS25Þ@21@12ðfS56 þ fS14Þ@22@11
D2 ¼ fS44@21þ fS55@222fS45@11@12

and @ij ¼
@i
ð@njÞi
The characteristic equation of (21) is:
ðI4ðlÞI2ðlÞ I23ðlÞÞ ¼ 0 ð22Þ
with
I4 ¼ fS11l4  2fS16l3 þ ð2fS12 þ fS66Þl2  2fS26lþ fS22
I3 ¼ fS15l3  ðfS56 þ fS14Þl2 þ ðfS46 þ fS25Þl fS24
I2 ¼ fS55l2  2fS45lþ fS44 :

Its roots lk are generally complex numbers. Thus, we introduce
complex variables Zk = n1 + lk(n3)n2 (k = 1, . . .,6), which depend only
on the elastic properties of the materials in the vicinity of Cf.
Hence, the general solution of (21) takes the form:
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P3
k¼1
/kðZkÞ þ /kþ3ðZkÞ
wðZkÞ ¼
P3
k¼1
gk@Zk ½/kðZkÞ þ gk@Zk ½/kþ3ðZkÞ
37775
with gk ¼  I3ðlkÞI2ðlkÞ ;
ð23Þ
where ‘‘—” denotes the complex conjugate.
2.3. Wang’s singular solution
Wang and Choi (1982) proposed to consider the solution (23)
verifying the Eq. (21) with:
/kðZkÞ ¼
CkZ
aþ2
k
ðaþ 2Þðaþ 1Þ ; ð24Þ
where the complex number a is the singularity exponent of which
the real part is strictly between 1 and 0. Indeed, for a ﬁnite elastic
energy, the real part of the exponent amust be greater than 1, and
to be singular it must be less than 0. The determination of its value
is the ﬁrst numerical difﬁculty to overcome. This computation al-
ready provides information that is helpful to improve the design.
Next, the dominant term (r0, u0) can be written as:
r0 ¼ r
0
T r
0
S
r0>S r0N
 !
)
r0T ¼
P3
k¼1
ReðCkskTZak þ Ckþ3skTZakÞ
r0S ¼
P3
k¼1
ReðCkskSZak þ Ckþ3skSZakÞ
r0N ¼ Snt0rt0 Sns0rs0Snn
8>>>><>>>:
ð25Þ
with
skT ¼ l2ke1  e>1 þ e2:e>2  lkðe1  e>2 þ e2  e>1 Þ
skS ¼ gklke1  gke2

u0 ¼ u
0
t
u03
 !
)
u0t ¼
P3
k¼1
Re CkV
k
t
Zaþ1
k
aþ1 þ Ckþ3Vkt
Zaþ1
k
aþ1
  	
u03 ¼
P3
k¼1
Re CkV
k
3
Zaþ1
k
aþ1 þ Ckþ3Vk3
Zaþ1
k
aþ1
  	
8>><>>:
with
Vkt ¼ ðfS11l2k þ fS12  fS16lk þ fS15lkgk  fS14gkÞe1
þðfS21lk þ fS22=lk  fS26  fS24gk=lk þ fS25gkÞe2
V3 ¼ fS14lk þ fS42=lk  fS44gk=lk þ fS45gk  fS46

Some particular cases may arise:
	 Case where D3 ¼ 0.
The transverse and plane stresses are decoupled, which occurs
when e3 is a direction of material symmetry, for instance, in
the case of isotropic, transversally isotropic and orthotropic
materials. In this case, r0 and u0 take the following forms:Fig. 3. Neighborhood of the crack front Cf at the junction of n angular sectors xk.r0 ¼ r
0
T r
0
S
r0>S r0N
 !
)
r0T ¼
P2
k¼1
ReðCkskTZak þ Ckþ3skTZak Þ
r0S ¼ ReðC3s3SZa3 þ C6s3SZa3Þ
r0N ¼ Snt0rt0 Sns0rs0Snn ;
8>><>>>: ð26Þ
with
skT ¼ l2ke1  e>1 þ e2  e>2
lkðe1  e>2 þ e2  e>1 Þ
s3S ¼ l3e1  e2

u0 ¼ u
0
t
u03
 !
)
u0t ¼
P2
k¼1
Re CkV
k
t
Zaþ1
k
aþ1 þ Ckþ3Vkt
Zaþ1
k
aþ1
  	
u03 ¼ Re C3V33
Zaþ13
aþ1 þ C6V33
Zaþ13
aþ1
  	
8>><>>:
with
Vkt ¼ ðfS11l2k þ fS12  fS16lkÞe1
þðfS21lk þ fS22=lk  fS26Þe2
V33 ¼ fS44=l3 þ fS45 :
	 The case where multiple roots for lk exist. It requires clariﬁcation
because this case is not fully understood sometimes. For the
class of monoclinic materials, Eq. (22) can be rewritten as:P6
i¼0aili ¼ 0 with a2p+1 = 0 when p 2 {0, 1, 2}. With the change
of variable X2 = l, the case of multiple roots occurs only if the
roots Xi are real and X1 = X2 = X3/2.
Another possible case shall be considered for when a decou-
pling of / and w occurs. Hence, multiple roots are necessarily
obtained from the equation D4 ¼ 0.
	 The case of isotropic or transversally isotropic materials.
The equationD2 ¼ 0 provides a simple root: l3 ¼ l6 ¼ i and the
equation D4 ¼ 0 gives a double root: l1 ¼ l2 ¼ l4 ¼ l5 ¼ i.
2.4. Solving the problem
Finally, the problem can be stated in the standard form K(a)
b = 0. K(a) and b are assembled with all boundary conditions be-
tween different materials near the crack front Cf. Let us consider
the general case where the crack front or the singularity line Cf
is at the junction of n angular sectors xk made of different materi-
als as in Fig. 3.
The contributions of each material to K(a) and b are combined
using an assembly method as in the ﬁnite element method. The
problem is similar to that of Leguillon and Sanchez-Palencia
(1987). Here, the goal is to determine the values of the exponent
of singularity a. Usually, the previous eigenvalue problem has no
analytical closed solutions, and numerical methods are needed to
solve it. The eigenvalues are roughly evaluated by a 2D bisection
method, and they can be accurately determined using the regulsa
falsi method. One of the difﬁculties is the occurrence of multiple
eigenvalues. Eigenvalue multiplicity is detected and computed
using RouchÃ’s lemma:
Multiplicity of a ¼ 1
2pi
I
C
@a½detðKÞ
detðKÞ dZ
kC is a closed contour surrounding the solution a:
ð27Þ
Another method to treat the case of degenerate materials is the
Stroh formalism (Barroso et al., 2009). Next, the corresponding
eigenvectors are computed by the incomplete LU decomposition
method, which can automatically build the corresponding vectors
b and determine the eigenstress ﬁelds.2.5. Boundary conditions
In this section, the boundary conditions between different
material are summarized as the bonding interface and the free
stress condition.
Nevertheless, it is more convenient to deﬁne pseudo-cylindrical
coordinates (r, qk, h) by:
Zk ¼ n1 þ lkðn3Þn2 ¼ rqk; qk ¼ coshþ lkðn3Þsinh: ð28Þ
For convenience, we use the contracted notation, and the compo-
nents of r0 are stored in a vector r0. Then, in each sector, the
2074 V. Magnier et al. / International Journal of Solids and Structures 47 (2010) 2070–2080dominant solution (r0, u0) written in a more concise manner than
(25) and (26) has the form:
r0 ¼ ReP
a
raðs  qa  Aþ s  qa  BÞ;
u0 ¼ ReP
a
raþ1
aþ1 ðV  qaþ1  Aþ V  qaþ1:BÞ
8><>: ð29Þ
with the following second-order tensors:
s ¼ ½s1; s2; s3; V ¼ ½V1;V2;V3
q ¼ Diagðq1;q2;q3Þ
A> ¼ ðC1;C2; C3Þ; B> ¼ ðC4; C5;C6Þ

where
sk ¼ ½sk1; sk2;0; sk4; sk5; sk6>
Vk ¼ Vkt þ Vk3  e3:

The following subsections summarize the different types of condi-
tions that may occur at a interface.
2.5.1. Free stress condition
This case corresponds to r0 n = 0, where n is the unit normal
vector to the surface boundary as illustrated in Fig. 3. Thus, on a gi-
ven boundary surface, we impose:
t  qa t  qa
0 0
" #
A
B

 
¼ 0 i:e: free stress interface
with t ¼ ½t1; t2; t3 such that tk ¼ sk  n:
ð30Þ2.5.2. Bonding conditions
This condition corresponds to a continuity of displacements
ðsu0t ¼ u0kþ1  u0k ¼ 0Þ and stresses (sr0 nt = 0) between two
materials with a common interface. The u0k (respectively, u
0
kþ1) des-
ignate the displacement associated at the k (respectively, k + 1)
sector. This condition is written as follows:
t  qa t  qa
V  qaþ1 V  qaþ1
" #
A
B

 " #" #
¼ 0 on each bonding interface
with t ¼ ½t1; t2; t3such that tk ¼ sk  n:
ð31Þ2.5.3. Frictional condition
First of all, we consider two cases associated with the upper
wedge sliding in the right and the left directions with respect to
the lower wedge (Fig. 4).
These two modes of slip are treated together by allowing the
coefﬁcient of friction l to be respectively positive or negative.
Along the frictional interface, the continuity of stress (sr0 nt = 0)
is assumed. Moreover, the continuity of displacement in the X2
and X3 directions is imposed, and Coulomb’s law of friction is used
(r06 ¼ lr02, where r02 < 0). The problem is written on each fric-
tional interface:Fig. 4. Conﬁgurations of two relative slip directions: (a) the upper wedge slipping
to the right relative to the lower wedge; and (b) the upper wedge slipping to the left
relative to the lower wedge.t qa t qa
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t ¼ ½t1;t2;t3 such that tk ¼ sk n
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ð32Þ3. Validation of the singularity exponent calculation with a
boundary friction condition
In this example, two layers of graphite/epoxy are in contact
with a frictional interface as deﬁned in Eq. (32). The lower layer
2 is an inclined broken laminate pressing on the upper layer 1, as
shown in Fig. 5.
This example is taken from a paper written by Poonsawat et al.
(2001). The variation of the singularity a with respect to the crack
angle h is ﬁrst investigated in the case of a fully bonded interface
(Fig. 6), next in the case of a positive coefﬁcient of friction
(l = +0.5) (Fig. 7) and ﬁnally, in the case of a negative coefﬁcient
of friction (l = 0.5) (Fig. 8). In Figs. 6–8, the real part of a is given
by solid lines, while the imaginary one is drawn with a dotted line.
For all previously mentioned cases, different combinations of
[/1//2] are considered.
The numerical results in Fig. 6 reveal that there exists three dis-
tincts orders of singularity, while there are two roots for the case of
frictional cases illustrated in Figs. 7 and 8. These results are in good
agreement with those of Poonsawat. Let us observe that in the case
of [0/90], a curve is common for all interface conditions. This
common curve corresponds to mode I. However, we also ﬁnd this
characteristic for the combination [90/0].
As previously mentioned, angular shape functions can be plot-
ted. On Fig. 9, the angular shape functions for displacement in
the plane (e1, e2) are drawn for h equal to 120 and for the combi-
nation ﬁxed to [60/30] and l = 0.5. This ﬁgure represents only a
normalized distribution of displacement. The true displacement
ﬁeld is obtained by rescaling this distribution after computing
the stress intensity factors.4. Application of the problem of a riveted assembly
4.1. Presentation of the problem of a riveted assembly
Riveting is still widely used in applications where light weight
and high strength are required, such as in the aircraft industry.
However, the rivet environment is often a source of crack initiation
likely to lead to the failure of the structure. The rivet problem is
three-dimensional, and it is not possible to simplify it. Generally,
this problem is resolved by numerical methods that require a ﬁne
mesh, which leads to a high numerical cost. The method developedFig. 5. Bi-material made of an inclined broken laminate and a half-plane laminate.
Fig. 6. Stress singularity exponent for a bi-material graphite/epoxy laminate with a fully bonded interface.
Fig. 7. Stress singularity exponent for a bi-material graphite/epoxy laminate with a frictional interface with l = +0.5.
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problem, which is not possible with an other semi-analytical meth-
ods reported in the literature. In this paper, three riveted assem-
blies with different head shapes of the rivet are treated. The
exponent of singularity is evaluated for ﬂat (Fig. 10a), universal
(Fig. 10b) and countersunk (Fig. 10c) head rivets in a bi-layer.
In all examples, the rivet is in aluminum, and the bi-layers are a
carbon/epoxy ﬁber-reinforced composite. The elastic properties of
each material are given in Table 1. Let us assume that the layer
plane is (X1, X2). The angles /(1) and /(2) denote the ﬁber directionsin layers ‘1’ and ‘2’, respectively, which are measured with respect
to the X1-axis in the counterclockwise direction.
In what follows, the angles /(1) and /(2) of the bi-layers are,
respectively ﬁxed to 45 and 45 for all the cases.
4.2. Flat head rivet case
Flat head rivets are used for the assembly of internal structures
where maximum strength is required. They are used where inter-
ference with nearby members does not permit the use of round
Fig. 8. Stress singularity exponent for a bi-material graphite/epoxy laminate with a frictional interface with l = 0.5.
2076 V. Magnier et al. / International Journal of Solids and Structures 47 (2010) 2070–2080head rivets. Fig. 11 illustrates the half-problem of a ﬂat head rivet
drowned in graphite/epoxy ﬁber-reinforced composite bi-layers.Table 1
Elastic properties of aluminum and graphite/epoxy ﬁber-reinforced composite.
E11 (GPa) E22 (GPa) E33 (GPa) G12 (
Graphite/epoxyde 137.9 14.48 14.48 5.86
Aluminium 72 27.07
Fig. 10. Different sh
Fig. 9. Angular shape functions for the combination [60/30] with l = 0.5 with h
ﬁxed to 120.As we can see in Fig. 11, four closed lines (C1, C2, C3, C4) can be
a priori subjected to a singular stress state. The ﬁrst one concerns
the external boundary of the rivet head, which compresses the
composite upper surface. The friction interface is considered be-
tween the rivet head and the composite with a coefﬁcient of fric-
tion equal to 0.3. The second one concerns the edge where a
quarter of graphite/epoxy composite joins three quarters of alumi-
num. The third one concerns the mechanical discontinuity be-
tween three materials. Finally, the last one is a free-edge
between two quarters of different materials. The bonding interface
is considered between the rivet body and the composite.
The four singular lines are circles. A parameter h is introduced to
describe the position of a point on each circle. The parameter h de-
notes the angle with respect to the X1-axis in the counterclockwise
direction (Fig. 11).GPa) G13 (GPa) G23 (GPa) m12 m13 m23
5.86 5.86 0.21 0.21 0.21
0.33
apes of rivets.
Fig. 11. Half-problem of an assembly of two layers in graphite/epoxy with a ﬂat
head rivet.
Fig. 13. Half-problem of the ﬂat head countersunk rivet drowned in a graphite/
epoxy bi-layer.
V. Magnier et al. / International Journal of Solids and Structures 47 (2010) 2070–2080 2077Fig. 12 shows the stress singularity exponentsa as a function of h.
First, results for C2 are not graphically represented because line
2 is not subjected to a singular stress state. Next, we can observe
that solutions illustrated in Fig. 12 have a periodicity p. This peri-
odicity is the consequence of a ‘‘mirror” symmetry of physical and
mechanical properties. However, the particular case 3 shows a
periodicity of p2 resulting from the periodicity of the mechanical
properties. Indeed, if we are at a point of the circle no 3 with angle
h that corresponds to a stratiﬁcation [/(1)//(2)], a point with an an-
gle h + p/2 corresponds to the stratiﬁcation [/(2)//(1)], implying a
periodicity of p2 of the singularity exponent.
Along the line C1, there are three eigenvalues of the singularity
exponent, and each is associated with an elementary mode of frac-
ture. Along line C3, two singularity exponents appear. The singu-
larity exponents are in the range [0.05, 0], denoting a weak
singularity. Finally, we observe along the line C4 an alternation
of singular and regular states. We can also notice that the singular-
ity exponent along the line C1 is much stronger than the other
exponents.Fig. 12. Stress singularity exponent for a ﬂat head rivet drowned in a4.3. Countersunk head rivet case
Countersunk head rivets, often called ﬂush rivets, are used
where streamlining is important. On combat aircraft, practically
all external surfaces are ﬂush riveted. Fig. 13 illustrates the half-
problem of a assembly of graphite/epoxy ﬁber reinforced compos-
ite with a ﬂat head countersunk rivet.
As shown in Fig. 13, four junctions of materials can be a priori
subjected to a singular stress state. We only treat the lines of sin-
gularity (C5, C6) because the other lines are similar to those of the
previous problem. The friction interface is considered between the
rivet head and the composite, while the bonding interface is taken
into consideration between the body rivet and the composite with
a coefﬁcient of friction equal to 0.3. The line C5 concerns a problem
of the free-edge between two materials. The second line concerns a
problem of slope discontinuities between two materials. In the
industry, countersunk rivets are manufactured with six common
values of the angle b, which are equal to 60, 49, 45, 35 and
30. In this paper, only the cases where b is equal to 60, 45 and
30 are treated. The angle c, described in Fig. 13, is equal to b + 90.bi-material of graphite/epoxy with [45/45] orientation ﬁber.
Fig. 14. Singularity exponent for C5.
2078 V. Magnier et al. / International Journal of Solids and Structures 47 (2010) 2070–2080Singular lines C5 and C6 are circles. The parameter h is intro-
duced to describe the position of a point on each circle. The param-
eter h denotes the angle that is measured from the X1-axis in
counterclockwise direction.
Fig. 14 shows the stress singularity exponents a as a function of
h for the different angles b.
First, the results concerning C6 are not graphically represented
because it is not subjected to a singular stress state. The singularity
exponents for C5 present a periodicity of p. This particularity is ex-
plained by the periodicity of the physical and mechanical
properties.
For all angles h treated, two singularity exponents appear. If the
angle b is more obtuse, then the amplitude of the most severe
exponent increases in contrast to the other exponent.4.4. Universal head rivet case
Fig. 15 illustrates the half-problem of an assembly of graphite/
epoxy bi-layer with an universal head rivet.Fig. 15. Half-problem of the universal head rivet drowned in a graphite/epoxy
bi-layer.Four singular lines can be a priori subjected to a singular stress
state. We only treat the closed line C7 because the others lines are
similar to those of previous problems. C7 concerns the external
boundary of the rivet head that compresses the composite upper
surface. The angle of attack b deﬁned in Fig. 15 is equal to 60,
45 and 30, respectively.
Fig. 16 show the stress singularity exponents a as a function of
h, also deﬁned in Fig. 15. The friction interface is considered be-
tween the rivet head and the composite, and a bonding interface
is taken into consideration between the body rivet and the com-
posite with a coefﬁcient of friction equal to 0.3.
This singular line is a circle. A parameter h is introduced to de-
scribe the position of a point on each circle. The parameter h de-
notes the angle that is measured from the X1-axis in the
counterclockwise direction.
We can observe that the singularity exponents in Fig. 16 have a
periodicity p. This particularity is the consequence of the ‘‘mirror”
symmetry of the physical and mechanical properties, as in the
problem of the singular lines C1 and C4.
Two eigenvalues are present for b equal to 30 and 45, whereas
there are three for b equal to 60. The emergence of the third eigen-
value occurs for b approximately equal to 55.5. Conclusions
An asymptotic approach to analyze the singular stress ﬁelds in a
multi-anisotropic material is presented in a three-dimensional
context where the crack front can be a curved line. The method,
based on the boundary layer equations, allows for the extraction
of the singularity exponents and the corresponding eigenstresses
for bonding, free or friction boundary conditions. An assembly of
different shapes of head rivets (ﬂat, countersunk and universal)
in a bi-layer of carbon/epoxy are analyzed. The ﬁrst advantage of
Fig. 16. Singularity exponents for C7.
V. Magnier et al. / International Journal of Solids and Structures 47 (2010) 2070–2080 2079this method is the quasi-explicit knowledge of the stress and dis-
placement ﬁelds around the singular line. The other advantage is
a short CPU time; thus, throlems with multi-singular lines can be
handled without difﬁculties. Nevertheless, to obtain the complete
information on the state of overstress, the stress intensity factors
must be evaluated. This evaluation can be done using the method
of enriched ﬁnite elements, as described in Magnier and de Saxcé
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